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Abstract
In (J. Pure Appl. Algebra 179 (2003) 1) it is proved that for a ring homomorphism  :R→ A
such that −1(IA)= I for all ideals I of R, given any chain of prime ideals ˝0 ⊆ ˝1 ⊆ · · · ⊆ ˝n
in R there exists a chain of prime ideals q0 ⊆ q1 ⊆ · · · ⊆ qn in A such that −1(qi) =˝i. Here,
under the weaker assumption −1(˝A)=˝ for all prime ideals ˝ of R, we give a necessary and
su5cient condition for validity of (J. Pure Appl. Algebra 179 (2003) 1) and deduce the theorem
as a corollary. We note that −1(IA) = I for all ideals I in R is not a necessary condition.
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1. Introduction
Throughout, rings are commutative with identity and a multiplicatively closed subset
means multiplicative monoid. We shall freely use notations from [2]. Let us recollect
the following well known result:
If a is an ideal in a ring R and S is a multiplicatively closed subset of R such that
S ∩ a = 
, then there exists a prime ideal ˝ of R such that ˝ ⊇ a and ˝ ∩ S = 
.
In view of above it is natural to ask that if (ai ; Si); i = 0; : : : ; n is a =nite set of
ideals ai and multiplicatively closed subsets Si in a ring R such that ai ∩ Si = 
, then
when does there exist a chain of prime ideals ˝0 ⊆ ˝1 ⊆ · · · ⊆ ˝n in R with ai ⊆ ˝i
and ˝i ∩ Si = 
.
In [3, Lemma 1] a set of equivalent conditions for the existence of ˝i’s are proved.
Then it is deduced [3, Theorem 3]: If  :R → A is a ring homomorphism such that
−1(IA) = I for all ideals I in R then given any chain of prime ideals ˝0 ⊆ ˝1 ⊆
E-mail address: pksharma1944@yahoo.com (P.K. Sharma).
0022-4049/$ - see front matter c© 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2004.02.001
288 P.K. Sharma / Journal of Pure and Applied Algebra 192 (2004) 287–291
· · · ⊆ ˝n in R, there exists a chain of prime ideals q0 ⊆ q1 ⊆ · · · ⊆ qn in A such that
qi ∩R=˝i. The condition −1(IA)= I in [3, Theorem 3] seems too strong. The result
holds for any integral ring extension R ⊆ A. In this case ˝A ∩ R =˝ for any prime
ideal ˝ of R, but IA∩R = I for ideals in R in general. Let us consider the following:
Example 1. Let R = {a + 2bi | a; b∈Z} and A = Z[i], the ring of Gaussian integers.
Let  be the inclusion map. As A is integral over R, any chain of prime ideals in R
can be lifted to a chain of prime ideals in A. However, the assumption made in [3,
Theorem 3] does not hold for the ideal I = 2R since IA ∩ R = I . Thus the assumption
of [3, Theorem 3] is su5cient but not necessary.
We must also note that in general given rings R andA and homomorphism  :R→ A,
chains of prime ideals in R cannot always be lifted to chains of prime ideals in A i.e.,
[3, Theorem 3] does not hold in general even if lying over holds.
Example 2. Let (R;m) be a local domain of dimension 1. Let B = S−1R[X ] where
S = R[X ] − (m[X ] ∪ XR[X ]), and A be the quotient ring of B by the product ideal
Xm[X ] in B. Consider the natural homomorphism  :R → A. The ring A has exactly
two prime ideals (say) Q=image of m[X ], and q=image of XR[X ]. Both are maximal.
We have −1(Q) =m and −1(q) = (0). Thus the chain of prime ideals (0) ⊂ m in R
cannot be lifted to a chain of prime ideals in A although lying over holds.
In this note we give a necessary and su5cient condition on (ai ; Si); i = 0; : : : ; n for
existence of prime ideals as in [3, Lemma 1] and use this to give a necessary and
su5cient condition for the validity of [3, Theorem 3] under the weaker assumption
on the homomorphism  i.e., −1(˝A) = ˝ for all prime ideals ˝ in R and deduce
[3, Theorem 3] as a corollary. Bergman [2] has also dealt with such questions in a
general set up. In our proof of Lemma 1 we use a generalization [2, Lemma 6(ii)].
By convention, for an element r ∈R and a∈A we shall write ra for (r)a in A.
2. Main results
Let us =rst prove:
Lemma 2.1. Assume n¿ 0. Let R be a ring and a0; a1; : : : ; an be ideals in R and let
S0; S1; : : : ; Sn be multiplicatively closed subsets of R such that ai ∩ Si =
 for all i¿ 0:
Then there exists prime ideals ˝0 ⊆ ˝1 ⊆ · · · ⊆ ˝n in R such that ai ⊆ ˝i and
˝i ∩ Si =
 for all i=0; 1; : : : ; n if and only if a0 ∩ S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an +
Sn) · · ·) = 
.
Proof. We shall =rst prove the direct part. By assumption ˝n−1 + an ⊆ ˝n. Hence
(˝n−1 + an) ∩ Sn = 

⇒ ˝n−1 ∩ (an + Sn) = 

⇒ ˝n−1 ∩ Sn−1(an + Sn) = 
 since ˝n−1 ∩ Sn−1 = 
:
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Further, as ˝n−2 + an−1 ⊆ ˝n−1, we get
˝n−2 ∩ (an−1 + Sn−1(an + Sn)) = 

⇒ ˝n−2 ∩ Sn−2(an−1 + Sn−1(an + Sn)) = 
 since ˝n−2 ∩ Sn−2 = 
:
Continuing as above, we arrive at the equation
˝0 ∩ S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 

⇒ a0 ∩ S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 
:
since a0 ⊆ ˝0.
For the converse, note that
S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·)
is a multiplicatively closed subset of R containing S0S1 : : : Sn. Choose a prime ideal
˝0 ⊇ a0 such that
˝0 ∩ S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 
:
Then
˝0 ∩ S0 = 
 and ˝0 ∩ (a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 

⇒ ˝0 ∩ S0 = 
 and (˝0 + a1) ∩ S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 
:
Now, choose a prime ideal ˝1 ⊇ ˝0 + a1 such that
˝1 ∩ S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 

⇒ ˝1 ∩ S1 = 
 and (˝1 + a2) ∩ S2(a3 + S3(· · ·+ Sn−1(an + Sn) · · ·) = 
:
Continuing as above we get a chain of prime ideals ˝0 ⊆ ˝1 ⊆ · · · ⊆ ˝n in R such
that ai ⊆ ˝i and ˝i ∩ Si = 
 for all i¿ 0. Hence the result is proved.
Theorem 2.2. Let R; A be two rings and let  :R→ A be a ring homomorphism such
that for any prime ideal ˝ of R, −1(˝A) = ˝: Let ˝0 ⊂ ˝1 · · · ⊂ ˝n be a chain
of prime ideals in R. Then there exists a chain of prime ideals q0 ⊂ q1 ⊂ · · · ⊂ qn
in A such that −1(qi) = ˝i if and only if for ai = ˝iA, Si = (R − ˝i), 06 i6 n,
and = a1 + s1a2 + s1s2a3 + · · ·+ s1 · · · sn−1an+ s1 · · · sn(ai ∈ ai ; si ∈ Si), for the residue
class I= + a0 of  in A=a0; annR I=˝0.
Proof. First of all, note that −1(qi) = ˝i is equivalent to saying that ai ⊆ qi and
qi ∩ Si =
. By our assumption on , it is clear that ai ∩ Si =
. Hence by the lemma,
existence of prime ideals
q0 ⊂ q1 ⊂ · · · ⊂ qn
in A such that −1(qi) =˝i is equivalent to
a0 ∩ S0(a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·) = 
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or
(a0 ÷ (a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·)) ∩ S0 = 

or
−1(a0 ÷ (a1 + S1(a2 + S2(· · ·+ Sn−1(an + Sn) · · ·)) =˝0:
It is clear from the last assertion that existence of the prime ideals
q0 ⊂ q1 ⊂ · · · ⊂ qn
in A such that −1(qi) = ˝i is equivalent to the assertion that for any element  =
a1 + s1a2 + s1s2a3 + · · · + s1 · · · sn−1an + s1 · · · sn(ai ∈ ai ; si ∈ Si), for the residue class
I= + a0 of  in A=a0; annR I=˝0. Hence the result follows.
Corollary 2.3. Let R; A be two rings and let  :R→ A be a ring homomorphism such
that for any ideal I of R, −1(IA) = I . Let ˝0 ⊂ ˝1 · · · ⊂ ˝n be a chain of prime
ideals in R. Then there exists a chain of prime ideals q0 ⊂ q1 ⊂ · · · ⊂ qn in A such
that −1(qi) =˝i.
Proof. As in the theorem, let Si = (R − ˝i); ai = ˝iA for i¿ 0. Let si = (ti) for
ti ∈ (R−˝i) and ai ∈ ai for all i. If for t ∈ (R−˝0), we have t(a1 + s1a2 + s1s2a3 +
· · ·+ s1 · · · sn−1an + s1 · · · sn)∈ a0 =˝0A. Then
⇒ ts1s2 · · · sn ∈ (˝0 + t˝1 + tt1˝2 + · · ·+ tt1t2 · · · tn−1˝n)A
⇒ tt1t2 · · · tn = p0 + tp1 + · · ·+ tt1t2 · · · tn−1pn
where pi ∈˝i since −1(IA) = I for every ideal I of R:
⇒ t(p1 + t1p2 + · · · t1t2 · · · tn−1pn − t1 · · · tn)∈˝0
⇒ (p1 + t1p2 + · · · t1t2 · · · tn−1pn − t1 · · · tn)∈˝0 ⊂ ˝1 since t ∈ (R−˝0)
⇒ t1(p2 + t2p3 + · · · t2 · · · tn−1pn − t2 · · · tn)∈˝1
⇒ (p2 + t2p3 + · · · t2 · · · tn−1pn − t2 · · · tn)∈˝1 since t1 ∈ (R−˝1):
Now, as in the proof of [3, Theorem 3], continuing as above we conclude tn ∈˝n:
This however is not true. Hence by the theorem, the result follows.
Corollary 2.4. In Corollary 2.3 if we assume  to be 5at and −1(˝A) =˝ for all
prime ideals ˝ in R, then the assertion in the corollary is valid.
Proof. In case  is Jat and −1(˝A) = ˝ for all prime ideals ˝ in R, −1(IA) =
I for all ideals I in R [1, Chapter 3, Exercise 16]. Hence the result follows from
Corollary 2.3.
P.K. Sharma / Journal of Pure and Applied Algebra 192 (2004) 287–291 291
Acknowledgements
I am thankful to the referee for reading the manuscript very carefully and suggesting
some improvements in the presentation. Example 2 is provided by the referee and is
included following his suggestion.
References
[1] M.F. Atiyah, I.G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley Publication
Company, Reading, MA, 1969.
[2] George, M. Bergman, Arrays of Prime Ideals in Commutative Rings, Journal of algebra 261 (2003)
389–410.
[3] Holger Brenner, Lifting chains of prime ideals, J. Pure Appl. Algebra 179 (2003) 1–5.
